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The author's method [1] of analyzing transport processes associated 

with the injection of a fuel-oxidizer mixture into a laminar boundary 
layer through a porous plate can be extended to the case of sublimation 
of a surface in a high-temperature gas flow. Such conditions may de- 
velop in hybrid (combined) systems in which a mixture of fuel and oxi- 
dizer from the vaporizing element must mix and react with an external 

oxidizer flow. 
Preliminary results [2-4] indicate that in "pure" systems (in which 

oxidizer is not mixed with the solid propellant) the reaction kinetics 
have secondary significance as compared with the transport processes 
in the boundary layer and in the majority of cases can be ignored for 
all practical purposes. However, in other hybrid systems and, in par- 
ticular, where a certain amount of oxidizer is mixed with the solid 
propellant, the reaction kinetics may acquire considerable importance. 
The methods of analyzing transport processes in hybrid systems pro- 
posed in [3,4], although they supplement one another, do not give a 
sufficient description. 
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The present method of theoretical investigation of hybrid systems, 
although based on a diffusion interaction mechanism, permits a some- 
what better understanding of the kinetic laws thanks to the assumption 
of two reaction fronts. 

As shown in [1], this is conditioned by the fact that in the case of 
simultaneous vaporization of the fuel and oxidizer components the 
mixture temperature may reach the critical reaction temperature T* (con- 
dition of formation of the first front) before complete stoichiometry is 

achieved. If the mass velocity of the fuel component is greater than 
the stoichiometric value corresponding to the presence of oxidizer in 
the mixture, the occurrence of a second reaction front will be deter- 
mined by attainment of the full stoiehiometric relation between the 
mass flow of fuel unreacted in the first front and the external oxidizer 
flow. 

We will consider  the problem of the l amina r  flow 
of a compress ib le  gas (oxidizer) over  a vapor iz ing 
flat plate with par t ia l  vapor p r e s s u r e  of the plate m a -  
t e r i a l  in the free s t r eam less  than the sa tura ted  vapor 
p r e s s u r e  at the sur face  t empe ra tu r e ;  if the la t ter  is 
less  than the t empera tu re  at the t r ip le  point of the 
phase d iagram,  the plate ma te r i a l  will vaporize,  by-  
pass ing  the liquid phase. We as sume  that the plate 
m a t e r i a l  is a hybrid sys tem and vapor izes  if the m a s s  
velocity of the fuel component is  g rea te r  than the 

s to ichiometr ic  value cor responding  to the p resence  of 
oxidizer in the vaporizing mix ture .  In the boundary 
l ayer  there a re  two reac t ion  fronts  (Fig. 1): ~p = ~(77) 
and ~b = ~b(~). 

As before, we assume that the chemical reaction 

rates considerably exceed the rate of diffusion of the 

components, as a result of which the chemical inter- 

action is chiefly determined by diffusion of the com- 

ponents to the reaction planes, which we will treat as 

infini tely thin surfaces  forming surfaces  of d i scon-  
t inuity in the boundary layer .  AII the assumpt ions  of 
bounda ry - l aye r  theory a re  re ta ined,  the Prandt l  num-  
be r  Npr  ~ 1 = const, the Schmidt number  NSc ~ 1 = 

= const  and NPr  ~ NSc. 
Since the m e c h a n i s m s  of the t r a n spo r t  p rocesses  

a re  s i m i l a r  for subl imat ion  and injection,  we will use  
the sys tem of equations and boundary condit ions for 
a l amina r  boundary layer  p resen ted  in [1, 5]. The only 
difference is in the boundary conditions at the vapor-  
izing hybrid surface in view of its se l f - regula t ing  r e -  
lat ionship with t e mpe r a t u r e  and p r e s su r e .  

We r e p r e s e n t  the concent ra t ion  of fuel component 
at the surface of the plate in the form 

Cm~ ram Pm~ (1) 
tn'w Poo 

where mw is the molecu la r  weight of the vaporizing 
b ina ry  mix tu re  at the plate surface,  which if Cmw + 
+ Cow = 1 can be r ep resen ted  in t e r m s  of the concen-  
t ra t ion  and the molecu la r  weights of the components 

as follows: 
ramr/~0 

rn~ = ra,~Cm~ -- ,no (l -- Cm~i " (2) 

In the case of equi l ib r ium vapor iza t ion  the par t ia l  
vapor p r e s s u r e  Prow of the vapor iz ing m a t e r i a l  at the 
wall is equal to the par t ia l  sa tura ted  vapor p r e s s u r e  
P*m at the wall t empera tu re  T w, which for perfect  
gases  and without al lowance for the change in volume 
obeys the C lans iu s -C lapey ron  law 

l n p ~  L I t  1~ p,.--~ = - -  ~ ~-~--  ~TJ" (3) 

Here, Ts is the subl imat ion  t empera tu re .  
Substituting the value of mw from (2) into (1) and 

using (3), we obtain an express ion  for the concen t ra -  
t ion of the vapor iz ing fuel component at the surface of 
the plate in t e r m s  of the la tent  heat and the sub l ima-  
t ion and plate surface t empera tu re s :  

= [, + (Z_ t)1-'• 

I • expI   /ll (4) 
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We wil l  show the app l i cab i l i t y  of (4) to gas  s y s t e m s  
that  do not obey the pe r f ec t  gas  laws.  With a l lowance  
for  the change in volume, the C l a u s i u s - C l a p e y r o n  law 
takes  the fo rm:  

dp ~ T dp 
L--=T-&gV, or  L = ~ - ~ - ( B T ~ a p )  

P 

Here,  V is the change in volume dur ing subl imat ion,  
and c~ is the dev ia t ion  of the sy s t em f rom the idea l  
s ta te .  

In a cco rdance  with [6], we r e p l a c e  the p a r t i a l  p r e s -  
s u r e s  with the ef fec t ive  p r e s s u r e s  f c h a r a c t e r i z i n g  
the tendency of the m a t e r i a l  to p ropaga te  between the 
inhomogeneous phases  of the sys t em,  and us ing  (5), 
we obta in  

V dp R @  z din / = ~ -  == dT. (6) 

After  in tegra t ion  f rom T s to Tw and c o r r e s p o n d -  
ingly f rom f m w  to f~o, 

In ?~176 L (1 I ) (7) 

To obtain a unique d e t e r m i n a t i o n  of the pos i t ion  of 
the r e a c t i o n  f ronts  go = go0)) and r = ~(~) and the con-  
cen t ra t ion  of the fuel component  C m g  O in the plane go 
it is n e c e s s a r y  to examine  the combined  di f fus ion-  
t h e r m a l  p r o b l e m .  

When P0#0 = 1 the equation of conse rva t ion  of m o -  
mentum is autonomous and the solut ion is  given in [7]. 

F o r  the reg ion  1 between the wall  su r f ace  and the 
r e a c t i o n f r o u t  go (see the f igure) , fo r  the vapo r i z ing  fuel  
component  f rom the solut ion of the diffusion equation 
t r a n s f o r m e d  to the form 

C 01) = C1Nso I q) (rl, Nse) drl + C~ 
o 

F~r (n~l~O_11 (I) (~1, Ns~ = LK (0)J ] , (8) 

with boundary condi t ions 

we obtain the concent ra t ion  d i s t r ibu t ion  

71 0 

(12) 

The exp res s ions  for the d i s t r i bu t ion  of fuel com-  
ponent concent ra t ion  in reg ion  2 (between the r e a c t i o n  
f ronts  go and $) and ox id ize r  concent ra t ion  in reg ion  3 
(between the r e a c t i o n  f ront  } and the outer  edge of the 
boundary  layer )  coincide with those  obtained in [1] and 
are ,  r e spec t ive ly ,  equal to 

r - 1  

r r 

71 1 

F r o m  the condit ion of m a s s  ba lance  in the go p lane  
for  the mix tu re  of vapor iz ing  components  we obtain 
e x p r e s s i o n s  r e l a t ing  the quant i t ies  of i n t e r e s t  go, q,, 

Cmgo: 

0 

,5 

It fol lows f rom the condit ion of m a s s  ba lance  of the 
fuel component  and ex te rna l  ox id i ze r  flow in the 
piane that  

Cmr S q) (~l, Nso)dq = aeocofq)(rl, Nse)dn. (16) 
1 r 

Hence 

Cm.o= aCoc~I q)UI, Nsc)dq{j(~(~, Nse)d~q}-l. 
0 1 

(17) 

Crow=It-.{- m-A(Z--I)]-I  at n = O ,  
Dzra 

C~(qD)=C .... at ~ 1 = ~ ,  (9) 

we obta in  an e x p r e s s i o n  for  the concent ra t ion  d i s t r i -  
but ion 

0 

~p 

i }(i r x ~9 (~1, Nsc) dq (~l, Ns~ dq . (10) 

Simi la r ly ,  for the vapor iz ing  ox id i ze r  component  
f rom the solut ion of Eq. (8) with boundary  condit ions 

Cow= mmm~ (Z __ l ) [l @ ~0m (Z __ l )] -1 

a t ~ l = 0  and C0(q0)=0 at ~I=(P (11) 

Af ter  subs t i tu t ing  (17) into (15) we can uniquely d e -  
fine the pos i t ion  of the r eac t i on  front  

or  

r 

aCooz [I -t- m0 (Z - 1 ) ] 1 r  N o)dn = 
o 

q~ 

=[I--L arn~~ m q)(~l, Nse)d~], 

aCo~ [l  + ~--~0 ( Z -  ~)] / :  (0; 4 ) =  

(18) 

= [I--5~~ (Z-- I)] R(I, ~), (19) 

where, as in [i], 

R (~h, ~lz) = i �9 (~1, Nso) d~l = I kk--O~J drl" 
"d, ~ql 
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If T w > T*, the fue l -ox id izer  mixture ,  vapor iz ing  
from the plate surface,  r e a c t s  d i rec t ly  at the wall. 
After the chemical  reac t ion  the concent ra t ion  of the 
fuel component at the wall 

The solution of Eq. (8) with boundary conditions 
(20) and Cm(r = 0 at ~ = r leads  to the following ex- 
p re s s ion  for the concent ra t ion  d i s t r ibu t ion  in the r e -  
gion between the surface  of the wall and the react ion 
plane r 

Using the condit ion of mass  ba lance  in the plane 
again leads to re la t ion  (19). 

As follows from (15), it is not poss ib le  to de t e r -  
mine  go and Cmgo uniquely sole ly  from the concen t ra -  
t ion conditions.  For  the unique de te rmina t ion  of go and 
Cmg  0 it is also nece s sa ry  to cons ider  the thermal  con- 
dit ion for the reac t ion  plane go following from the law 
of conservat ion  of energy:  

H ~ ' - - H ~ ' = q k ~ s  - ~  ] r  q=(~.  (22) 

The values of the enthalpies  Ht and H 2 are  found 
from the solution of the energy equation in the form 
[5] 

+ (23) 

with boundary condit ions 

H ( 0 ) = H ~  at n=0 ,  H=H~o  at 

H x = H ~ = H ,  at q=~,  

H ~ = H a = H o  at q = r  

rl=i, 

Correspondingly,  for regions  1 and 2 we obtain for 
the enthalpies 

H - -  H,: .= u ~ [  ~-~-~ - -  NprJ  (0, q)] + 

H--H,~ u ~i ( ~2 

+ 

- -  Np,J (% ~) I (% ~) ' 

"~z "th 

J(qx, TI2)= l LK--~jVK ('q) ]~ I b K--'~-I[K01) ]-x dq dq, 

- i '  V K (n) 1 • a-- I (q~,~h)- - j  LK~j -,I (%= N ~ - - i ) .  (25) 

The functions I, R, and J have been tabulated for 
var ious  values  of the Npr  and NSc number s  and d is -  

t r ibut ions  of the function of the inject ion pa r ame te r  
K0?) obtained from a solution analogous to the Blasius 
problem [7]. 

From condition (22), together  with (10), (24), and 
(25), we obtain one more  express ion  which, together 
with (15), enables  us uniquely to define the values of 
the p a r a m e t e r s  go and C m ~: 

i 

Npr f~ 1 (26) = l oo- [ + 

We use  the d i s t r ibu t ion  of concentra t ions  and en-  
thalpies to de te rmine  the resu l t ing  effect on heat t r a n s -  
fer .  Since 

OH OT OC i = (w% +yh w, o, <27) 
i 

(2S) 

or, after  convers ion  to the var iab le  ~?, the quantity of 
heat supplied to the vaporizing sur face  

oc~ 
\ Oy]gw Nrr L\ O)I/gw 

for a binary mixture 

(Z OT~ = ~,~ [OH : ,.ocm +%oT ~176 (30) Oy / ~  Npr L - ~  
- -  [%.,1--~- on l Jg~ 

subst i tut ing values of the concent ra t ion  and enthalpy 
gradients  from Eqs. {10), (12), and (24), 

Oy ]gw -- Npr [ - -~--  Hw-- 

l 

Npr B (0, q~) R (t,r 

F rom the hea t -ba lance  equation for the vapor iz ing  
plate, the quantity of heat expended on heating the plate 
is 

(~. OT/Oy),~, ---- (X OT /Oy)g~ - -  L (pv)w (32) 

or, subst i tut ing (31) into (32), 

= - ~ ~  - ~ "  L 

(o,  il} i - 

,~wH w aCo~R(% 1) 
Npr /t(0, ~)~(1, ~p) L(pv)~ . (33) 

Here, the third t e rm on the r ight  side of the equa- 
t ion takes into account the la tent  heat of subl imat ion.  
To de te rmine  the total m a s s  flow of vaporizing com- 
ponents from the wall we use the Stefan formula  [8], 
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taking into account the fact that the mixture is binary 

and the partial vapor pressure of the vaporizing sub- 
stances at the surface is equal to the saturation pres-  

sure at the surface temperature 

dp.,/dy = - -  vD -~ ( P - -  p,~). (34) 

But s ince for  a b inary  mix tu r e  Dm = Do = D = const 
and depends only sl ightly on concentrat ion,  af ter  con-  

ve r s i on  to the va r i ab le  ~? = ~(x, y) 

dp~ = _  _D_( p _ p ~ )  (35) 

and, integrat ing,  we finally obtain 

v a 
l n ( P - -  p.0 = - f f - ~  ~l + C  (36) 

where  C is a constant  of in tegrat ion.  The total flow 
f rom the wall due to the " in jec t ion  effect"  Ks usual ly  
loca l i zed  in the boundary layer ,  the conditions at the 
wall and at the outer  edge of the boundary l aye r  being 

Pro=Prow at ~I~0, Pra-~-P~O at "q=l.  

F r o m  the f i r s t  of these  conditions we find the con- 
stant of in tegra t ion  C = ln(P - Prow) and, a f te r  sub- 
st i tuting into {36), 

In ~P --- pm v ~t (pv) Nsc 
l - - - p ,~  =-D-u--~ -~]= uo~ ~" (37) 

F r o m  (37), using the second boundary condition, 
we find the value of the m a s s  flow f rom the wall  

whe re  hmw and how are  the enthalpies  of each of the 
components  at the wall t em pe ra tu r e .  

Since f rom the m a s s  ba lance  condit ion we have 

ht,pl~,D \ OG/wl 4- h~,p~D (_~_~ )vo 

= h~C~ (ev)~--  h~  (i - -  C~,~) (pv)~ , 

then 

Oy/,w -- ~ + (H~ - -  L) (pv)~o + qg~, (42) 

Substituting values  of the concentra t ion  and enthalpy 
gradients  f rom Eqs.  (21) and (24) into (30), we d e t e r -  
mine the heat  flow to the wall due to conduction 

�9 o - o  
Npr 

(43) x [~ + ,~-~ (z --  ~)l-' B (0.,). 

With al lowance for (43) the quantity of heat  expanded 
on heating the vapor iz ing  wall in the p r e s e n c e  of a 
chemica l  r eac t ion  at i ts su r face  will be 

0T ~w 

--/s I-~--_]VprJ (0, ~1))1 [ (0,t- ~P) - -  

%-~ z (38) 
(PV)w'~-~se In Z - - i  " 

We subst i tute  (38) into (33) 

Npr 

(o,, L ~ -  --  1 (o, ~p) 

"%,H~, aCo~a (% t) L%u~ Z 
Ne~ R(0,~)a(i,(p) ~ l n 2 _ t .  (39)  

Equation (32) is valid if there are no chemical re -  
actions at the wall. If T w > T* and the vaporizing com- 
ponents react at the surface of the plate, 

+ (pvH)s~+ qgw--L (9v)~. (40) 

Here ,  we a s s u m e  that the r eac t ion  p roceeds  with 
l ibe ra t ion  of heat.  Moreove r ,  if we take into account  
rad ia t ion  f rom the wall ,  we mus t  add the ex t ra  t e r m  

eGT4w to the r igh t  s ide.  
For a binary mixture 

~ - ) ~  - -  

(41) +H~(pv)~-[-qg~--L(pv)~,  

-am0 - -  i] ~ J ~  I ~ - ~  ( z -  l) x 
Npr 

-~ (H~ --IvsoL) ~%~ in Z - - ~  + qg~ " (44) 
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